Quantum noise is ubiquitous to quantum systems as they incessantly interact with their surroundings and results in degrading useful resources such as coherence for single quantum systems and quantum correlations for multipartite systems. Given the importance of these resources in various quantum information processing protocols, it is of utmost importance to characterize how deteriorating is a particular noise scenario (quantum channel) in reference to a certain resource? Here we develop a theory of coherence breaking channels for single quantum systems. Any quantum channel on a single quantum system will be called a coherence breaking channel if it is an incoherent channel and maps any state to an incoherent state. We explicitly and exhaustively characterize these coherence breaking channels. Moreover, we define the coherence breaking indices for incoherent quantum channels and present various examples to elucidate this concept. We further introduce the concept of coherence sudden death under noisy evolutions and make an explicit connection of the phenomenon of coherence sudden death with the coherence breaking channels and the coherence breaking indices together with various suggestive examples. Furthermore, for higher dimensional Hilbert spaces, we establish the typicality of the dynamics of coherence under any incoherent quantum channel exploiting the concentration of measure phenomenon.
Quantum noise is ubiquitous to quantum systems as they incessantly interact with their surroundings and results in degrading useful resources such as coherence for single quantum systems and quantum correlations for multipartite systems. Given the importance of these resources in various quantum information processing protocols, it is of utmost importance to characterize how deteriorating is a particular noise scenario (quantum channel) in reference to a certain resource? Here we develop a theory of coherence breaking channels for single quantum systems. Any quantum channel on a single quantum system will be called a coherence breaking channel if it is an incoherent channel and maps any state to an incoherent state. We explicitly and exhaustively characterize these coherence breaking channels. Moreover, we define the coherence breaking indices for incoherent quantum channels and present various examples to elucidate this concept. We further introduce the concept of coherence sudden death under noisy evolutions and make an explicit connection of the phenomenon of coherence sudden death with the coherence breaking channels and the coherence breaking indices together with various suggestive examples. Furthermore, for higher dimensional Hilbert spaces, we establish the typicality of the dynamics of coherence under any incoherent quantum channel exploiting the concentration of measure phenomenon.
I. INTRODUCTION
Quantum coherence and entanglement have been corner stones of the quantum information theory both with discrete quantum systems and continuous variable quantum systems [1, 2] . Though the concept of quantum entanglement requires quantum systems with at least two parties, coherence can be defined for a single quantum system [3] . However, these two notions are closely related. For example, entanglement is nonlocal nonclassicality for continuous variable quantum systems [3] while for discrete quantum one can convert coherence into entanglement [4] . Recent developments in the fields of quantum biology [5] [6] [7] and the theory of quantum thermodynamics [8] [9] [10] [11] [12] [13] [14] urge for better understanding of quantum coherence and therefore, the resource theories of quantum coherence are developed in recent years .
Quantum systems with coherence are resourceful in quantum thermodynamics and quantum biology, however, the resourcefulness of a quantum system gets degraded over the time due to its uncontrollable constant interactions with the surrounding environment. These interactions of a quantum system with the surrounding environments give rise to various quantum noise models (noisy quantum channels). The characterization of these noisy channels and their effect on various physical resources are of huge practical value and therefore various special kinds of noisy channels have been considered [48] . For example, in the context of entanglement as a resource, entanglement breaking channels have been characterized completely [49, 50] and similarly, nonclassicalitybreaking channels [3, 51] have been analysed in detail in the context of nonclassicality as a resource for continuous variable quantum systems. The entanglement breaking chan-nels and the nonclassicality breaking channels make any input state separable or classical, respectively. The characterizations of the entanglement breaking channels and the nonclassicality breaking channels are given in Refs. [49] and [51] , respectively.
In this work, we focus on the effect of noisy quantum channels on coherence of single quantum systems. To address this problem, we first define coherence breaking channels (CBCs) which output only incoherent states for every input state and completely characterize the form of such channels. We then introduce selective coherence breaking channels (SCBCs) and prove that the characterization of these two classes of channels is equivalent. We also comment on the possible connection between the entanglement breaking channels and the coherence breaking channels. Moreover, we provide the interrelation between the coherence breaking channels and other relevant incoherent operations such as the strictly incoherent operations (SIOs) [16] and the dephasing covariant operations (DIOs) [21] . We then define the coherence breaking indices of incoherent quantum channels. The coherence breaking index n(Φ) of an incoherent quantum channel Φ is the minimum number of iterations of Φ that are required in order to make Φ a coherence breaking channel, i.e., n(Φ) = min{n : Φ n ∈ S cbc }. Here, S cbc is the set of all coherence breaking channels. Further, we introduce the notion of coherence sudden death during incoherent evolutions of a quantum system and importantly characterize the coherence sudden death using the coherence breaking channels and the coherence breaking indices. We provide various suggestive examples to elucidate the concept of the coherence sudden death. Moreover, we show the concentration effect for the coherence of evolved state under any incoherent quantum channel starting from a random pure state chosen according to the Haar distribution for higher dimensional Hilbert spaces. This result is based on the extremely powerful result known as the Lévy's lemma and establishes the universality of the coherence dynamics under incoherent evolutions.
This work is organized as follows. We start with a brief introduction of quantum channels and the resource theory of coherence in Sec. II. In Sec. III we define two kinds of coherence breaking channels and give the characterizations of both the channels. We link the coherence breaking channels with SIOs and DIOs in Sec. IV. Sec. V is devoted to the coherence breaking indices of incoherent quantum channels. In Sec. VI we discuss the notion of coherence sudden death and its relation to the coherence breaking channels and the coherence breaking indices. Moreover, we establish the universality (typicality) of the coherence dynamics in higher dimensional Hilbert spaces. Finally, we conclude in Sec. VII with a brief overview of the results obtained in this work.
II. PRELIMINARIES
Here we present the relevant basic tools and concepts that are required for presenting our main results. Quantum channels.-A quantum channel is a linear completely positive and trace preserving (CPTP) map which appears naturally in the description of open quantum systems and plays an important role in quantum information theory [48] . According to the Kraus representation theorem, any linear map Φ is a CPTP map if and only if it can be represented by a set of Kraus operators
as follows.
with n K † n K n = I. In this work we will require another very useful characterization of quantum channels which is the Choi-Jamiołkowski isomorphism [52, 53] . Choi-Jamiołkowski isomorphism.-Qualitatively, it states that a channel acting on a single party S and the corresponding bipartite mixed state acting on SA are informationally equivalent. Here A is some ancilla system with the same dimension d as of the system. More precisely, Choi-Jamiołkowski isomorphism states that a channel Φ acting on a single quantum system is completely positive if and only if Φ ⊗ I applied to the maximally entangled state
Conversely, the isomorphism implies that for every positive semidefinite operator ρ SA there exists a unique channel Φ ρ acting on S such that
Resource theories of quantum coherence.-A resource theory comprises two basic elements: one is the set of allowed (free) operations and other being the set of allowed (free) states. The set of allowed operations is governed by the physical situations at hand. For example, in the resource theory of entanglement the allowed operations are the local operations and classical communication (LOCC) as it is not possible to implement global operations on two parties that are separated and located far away from each other. Similarly, the allowed operations in the other known resource theories such as the resource theory of thermodynamics and the resource theory of reference frames are obtained based on the relevant physical situations. However, there is still no general consensus on the set of allowed operations in the resource theory of coherence and we have resource theories of coherence based on incoherent operations and symmetric operations [15, 21, 28, 43, 54] .
In this work, we consider the resource theory of coherence based on incoherent operations [15] . It is important to note here that the measures of coherence obtained using this resource theory are proved to be operationally meaningful [36, 47] and play a crucial role in establishing quantitatively the emergence of entanglement from coherence [4] . The measures of coherence as obtained in this resource include l 1 norm of coherence and the relative entropy of coherence. For a d dimensional quantum system in a state ρ and a fixed reference basis {|i }, the l 1 norm of coherence C l1 (ρ) and the relative entropy of coherence C r (ρ) are respectively, defined as
where S(ρ) = −Tr[ρ log ρ] is the von Neumann entropy of ρ and ρ (d) is the diagonal part of ρ in basis {|i }. We emphasize that the notion of coherence is intrinsically basis dependent and we only consider quantum systems with finite dimensional Hilbert spaces.
Given a fixed reference basis, say {|i }, any state which is diagonal in the reference basis is called an incoherent state. Let I be the set of all incoherent states. Then, an operation Φ is called an incoherent operation (IO) if the set of Kraus operators {K n } of Φ is such that K n IK † n ⊂ I for each n.
III. COHERENCE BREAKING CHANNELS
We define coherence breaking channels and provide their exhaustive characterization in this section.
A. Selective coherence breaking channels (SCBCs)
A quantum channel Φ with Kraus operators { K n } is called a selective coherence breaking channel (SCBC) if Φ is an incoherent channel and for any state ρ, K n ρK † n is an incoherent state for any n. Let the set of all SCBCs be denoted by S scbc . It is easy to see that S scbc is convex. The theorem below characterizes SCBCs. (i) A quantum channel Φ with Kraus decomposition {K n } is a selective coherence breaking channel.
(ii) For any maximally coherent state |ψ , K n |ψ ψ|K † n ∈ I for any n.
(iii) The Kraus operators { K n } of Φ can be written as K n = |i n φ n | for any n, where |i n is an element of the reference basis { | i } d−1 i=0 and n |φ n φ n | = I.
(iv) The action of Φ is given as Φ(ρ) = i |i i|Tr(ρF i ), where {F i } is a set of positive semi-definite operators and
Proof. The implication (i) ⇒ (ii): It follows directly from the definition of S scbc . The implication (ii) ⇒ (iii): Suppose for any maximally coherent pure state |ψ , K n |ψ ψ|K † n ∈ I for any n. Since K n can be written as K n = i |i φ n i | and K n |ψ is incoherent, then by Lemma 11 (see appendix A), there exists only one index i such that |φ n i = 0, that is K n can be written as K n = |i n φ n |. As n K † n K n = I, then we have n |φ n φ n | = I. The implication (iii) ⇒ (iv):
, where F i is the sum of some (unnormalized) pure states |φ n φ n |. As
Then, Φ is an incoherent operation and for any state ρ,
It is important to note that the composition of any incoherent channel with a selective coherence breaking channel is again a selective coherence breaking channel, i.e., if Φ ∈ S scbc , then for any incoherent operation Ω, Ω • Φ and Φ • Ω also belong to the set S scbc . Let us recall that if a quantum channel Φ can be written in the following form
where each Q k is a density matrix and the { P k } forms a positive operator valued measure (POVM), then we say that the quantum channel Φ has the Holevo form [55] . Moreover, if each density matrix Q k = |k k| is a one-dimensional projection and k P k = I, then Φ is called a quantum-classical (QC) channel. It is easy to see that a selective coherence breaking channel is a QC channel (see Theorem 1).
B. Coherence breaking channels (CBCs)
In the definition of SCBCs, we required that for any Kraus operator K n of a quantum channel, K n ρK † n is an incoherent state for any state ρ. However, we can also define another kind of noisy channel, namely, the coherence breaking channel which requires weaker constraints on Kraus elements compared to the case of SCBCs. A quantum channel Φ is called a coherence breaking channel (CBC) if for any incoherent channel Φ, Φ(ρ) is an incoherent state for any state ρ. Let the set of all CBCs be denoted by S cbc . It can be seen easily that S cbc is convex and S scbc ⊂ S cbc . To characterize CBCs, let us start from the simplest case, namely, the quantum channels on qubit states. We know that any qubit state ρ can be written as
where | r| ≤ 1. The action of a qubit quantum channel Φ is completely characterized by a 3 × 3 real matrix M and a 3-dimensional vector n such that
Now we can also use (M, n) to denote a qubit quantum channel. Therefore, we can easily obtain the characterization of a qubit CBC as follows.
Proposition 2. In qubit case, a quantum channel Φ represented by (M, n) is coherence breaking if and only if M and n) have the following forms:
Proof. Qubit channel Φ is coherence breaking if and only if the first and second components of the vector M r + n are 0 for any vector r, which means M r + n = (0, 0, * )
T . Thus, matrix M and vector n must be of the following form:
Here we have not considered other restrictions on Φ like the complete positivity. In fact, the necessary and sufficient conditions for (M, n) to be a CPTP map can be found in Refs. [56, 57] .
In general case, the characterization of CBCs is given by the following theorem. (ii) Φ is an incoherent channel and for any maximally coherent state |ψ , Φ(|ψ ψ|) ∈ I.
(iii) Φ is an incoherent channel and Φ(|i j|) is diagonal for any two incoherent basis states |i and |j .
(iv) The action of Φ is given as Φ(ρ) = i |i i|Tr(ρF i ), where {F i } a set of positive semi-definite operators and
Proof. The implication (i) ⇒ (ii):
This follows from the definition of S cbc . The implication (ii) ⇒ (iii): Any maximally coherent pure state |ψ in d dimensional Hilbert space can be written as |ψ =
j=0 is the reference basis. Then
For any i and j, Φ(|i j|) can be written as a matrix
d×d in the reference basis. Since Φ is an incoherent channel, then Φ(|i i|) is an incoherent state which means that The implication (iii) ⇒ (iv): Suppose that Φ is an incoherent channel and Φ(|i j|) is diagonal for any 0 ≤ i, j ≤ d−1. Then Φ(ρ) is an incoherent state for any state ρ. First, we prove that Φ is an entanglement breaking channel. Based on Ref. [49] , we only need to prove I ⊗ Φ(|β β|) is a separable state, where |β =
Since Φ is a quantum channel (CPTP map), from ChoiJamiołkowski isomorphism I ⊗ Φ(|β β|) is positive semidefinite. Therefore, I ⊗ |k k|[I ⊗ Φ(|β β|)]I ⊗ |k k| is a positive operator, i.e., i,j d
|i j| is positive for any k. Then I ⊗ Φ(|β β|) can be written as k λ k ρ k ⊗ |k k|, i.e., I ⊗ Φ(|β β|) is a separable state. Therefore, Φ is an entanglement breaking channel. Naturally, since entanglement is a form of coherence [4] , then if a quantum channel is coherence breaking, it must be entanglement breaking too and the above calculation shows this explicitly.
Recall that a quantum channel is entanglement breaking if and only if it can be written as the Holevo form (see Eq. (4)) [49] . Therefore, Φ can be written as
As Φ(ρ) is an incoherent state for any state ρ, then Φ(ρ) is a diagonal state. Thus, it can also be written as where
and Tr 2 denotes the partial trace on the second system. Since Φ is a CPTP map,
As each F i can be written as
is incoherent, which means S cbc ⊂ S scbc .
Let us compare the characterizations of these two kinds of coherence breaking channels. It is amazing that Theorems 1 and 3 show that S scbc = S cbc . Moreover, S scbc = S cbc S qc S ebt (see also Fig.1 ). Here S qc is the set of quantumclassical channels and S ebt is the set of entanglement breaking channels.
IV. INTER-RELATIONS OF SIOs, DIOs AND CBCs
A special kind of incoherent operation called strictly incoherent operation (SIO), has been proposed recently [21] . Any quantum operation Φ is a SIO if and only if it can be represented by a set of Kraus operators [21] . Let the set of all SIOs be denoted by S sio . Proposition 4. Any quantum operation Φ belongs to both S sio and S cbc if and only if it can be represented by Kraus operators K ij of the form: K ij = d ij |π i (j) j|, where π i is a permutation and j ∈ { 0, . . . , d − 1 }.
Proof. The sufficiency part follows directly from the definition of S sio and the characterization of CBCs as given in Theorem 3. We only need to prove the necessary part of the proposition. Since any SIO can be represented by Kraus operators
Besides, Φ is also a coherence breaking operation. Therefore, Φ(|ψ ψ|) is an incoherent state for any maximally coherent state |ψ =
where
is always zero for any j = k, i.e., P 
diagonal. By Lemma 12 (see appendix A), we have P (j,k) rs = 0 for any j, k when r = s. Hence P (j,k) = 0 for any j = k. Therefore,
The above proposition shows that the operations that belong to both S cbc and S sio are trivial. These operations have action on any state (up to permutations) as follows: ∆(·) = i i| · |i |i i|. Thus, we can use the difference between CBCs and SIOs to show the difference between IOs and SIOs, especially in some operational task. It has been proved that in the task of incoherent teleportation [44] , it is possible to implement the perfect incoherent teleportation of an unknown state of one qubit with the help of one singlet and two bits of classical communication. But if we restrict the IOs to the SIOs, such a task may be unachievable.
Proposition 5. Perfect strictly incoherent teleportation of an unknown state of one qubit is not possible with one singlet and two bits of classical communication.
Proof. Recall that in the standard teleportation protocol, the initial state of the whole system is given by
where |φ
2 is a maximally entangled state and |γ A = α |0 + β |1 is the unknown state. Then we show that the perfect teleportation is not possible by the strictly incoherent measurements on Alice's and Bob's systems and the classical communication between them. For any strictly incoherent measurement K A = 1 i,j=0 d ij |π(ij) ij| on Alice's system with π being a permutation, then after such a measurement the reduced state (unnormalized) on Bob's system is given by
It is obvious that ρ B can not be transformed to |γ γ| by strictly incoherent operations since coherence cannot increase under incoherent operations.
Also, another set of operations has been proposed while pursuing for an operationally meaningful resource theory of coherence. These are called dephasing covariant incoherent operations (DIOs) [21] . An operation Φ is called a dephasingcovariant incoherent operation if
where ∆(ρ) := i i| ρ |i |i i|. Let the set of all DIOs be denoted by S dio . Next, we find the relation between DIOs and CBCs as follows.
Proposition 6. Any quantum operation Φ belongs to both S dio and S cbc if and only if it can be represented by Kraus operators K ij of the form:
Proof. The sufficiency part follows directly from the definition of DIOs and Theorem 3. The necessary part of the proposition can be proved as follows. We know that any CBC Φ can be expressed as
where { F i } is a set of positive semi-definite operators and i F i = I. Moreover, Φ ∈ S dio implies that ∆(Φ(|j k|)) = 0 for any j = k [21] and we have Tr(|j k| F i ) = 0 for any j = k, which means that F i is diagonal for any i and can be written as
j=0 p ij |j j| with p ij ≥ 0. Since i F i = I, then i p ij = 1 for any j. Therefore, such Φ can be expressed by the Kraus operators of the form K ij = √ p ij |i j|.
Moreover, from Propositions 4 and 6, it is easy to see that S sio ∩ S cbc = S dio ∩ S cbc .
V. COHERENCE BREAKING INDICES
In this section we discuss the iterative behaviour of quantum channels on the system of interest. In particular, we elaborate on how many iterations of a given incoherent quantum channel are needed in order for it to completely destroy the coherence of any input state or turn it into a coherence breaking channel? The minimum number of iterations of a given incoherent quantum channel is termed as coherence breaking index of the same channel. The coherence breaking indices of incoherent quantum channels can be considered as their relative figure of merit in terms of their decohering powers. There naturally appear quantum systems in various practical scenarios whose noise can be considered as a single elementary process iterated step by step in time. With an experimentally well-grounded assumption where these elementary steps are completely independent with each other, the action of the noise becomes a stroboscopic Markov process and can be modelled by an n-fold iteration of a given quantum channel [58] . This justifies the consideration of coherence breaking indices from an experimental viewpoint.
Let Φ be an incoherent quantum channel. The coherence breaking index n(Φ) of Φ is defined as
It is easy to see that if U is an incoherent unitary operator, then
For a quantum channel Φ, if n(Φ) = ∞, i.e., for any finite n, Φ n is not a coherence breaking channel, one can term it as a coherence saving channel as it never destroys coherence completely. In the following we consider some examples of incoherent quantum channels and calculate their coherence breaking indices. Example 1. Consider an incoherent qubit quantum channel Φ characterized by (M, n) with
where α is a real number and n = (0, 0, 0)
T . For |α| ≤ 1, Φ represented by (M, n) is a CPTP map [56, 57] . The channel (M, n) is then an incoherent channel but not a coherence breaking channel. Note that if a qubit quantum channel Φ is characterized by (M, n), then iterated channel Φ n is charac-
Thus, it is easy to see that Φ 2 is a coherence breaking channel and hence n(Φ) = 2. Let us consider another less trivial example of an incoherent qubit quantum channel Φ characterized by (M, n) with
where α and β are real numbers and n = (0, 0, n z )
T . Again, we can choose α, β, n z appropriately such that (M, n) is a CPTP map. The channel (M, n) is then an incoherent channel but not a coherence breaking channel. Again, n(Φ) = 2. Example 2. Consider generalized amplitude damping channels [58] on qubit systems as given by 
Thus, we have D n p,t = D p n ,t . It means that the coherence breaking index n(D p,t ) of D p,t is not finite.
VI. COHERENCE SUDDEN DEATH AND UNIVERSALITY OF THE DYNAMICS OF COHERENCE
Consider a dynamical evolution of a single quantum system in a state |ψ under some quantum channel Φ. The phenomenon of vanishing of coherence of |ψ in some finite time is termed as sudden death of coherence. If the coherence of |ψ does not vanish in some finite time or vanishes asymptotically then this phenomenon is termed as no sudden death of coherence. Moreover, in the case stroboscopic Markovian processes where the evolution of a quantum system in a state |ψ is modelled by an n-fold iterations of an elementary channel Φ, if the coherence of |ψ vanishes in n 0 iterations of Φ with n 0 < n, then we say that such stroboscopic Markovian processes lead to the coherence sudden death. It is important to note that the phenomenon of coherence sudden death is both initial state and channel dependent. However, in the case of qubit states and for a specific measure of coherence, namely the l 1 norm of coherence [15] , we show that coherence sudden death is only channel dependent irrespective of the initial state. To achieve this we first state the factorization relation for the l 1 norm of coherence obtained in the evolution equation of coherence [26] .
In a d-dimensional Hilbert space, any quantum state can be represented as
where x = (x 1 , . . . ,
with Λ i being the generators of su(d) [59] [60] [61] [62] .
The vector x can be written as x = χ n, where n = (n 1 , . . . , n d 2 −1 ) is a unit vector in R 
2 χ P n · X is called the probe state and
It is easy to see that incoherent operations satisfy the condition of the above Lemma, therefore, for incoherent operations, the above equality holds. Moreover, the above lemma can be simplified for the qubit cases and we have the following proposition.
Proposition 8. If Φ is an incoherent operation on a single qubit system, then for any qubit state ρ there exists a maximally coherent state |ψ such that
Proof. Since any qubit state ρ can be written as ρ =
and Φ is an incoherent operation, then C l1 (ρ) = |x + iy| and
where x + iy = |x + iy|e iθ and x − iy = |x + iy|e −iθ . Now, taking |ψ = 1 √ 2 (|0 + e −iθ |1 ) as the maximally coherent state, we have
This concludes the proof of the proposition.
The above proposition implies that the knowledge of the initial coherence of a quantum system and the action of incoherent operation Φ on maximally coherent state are enough to determine the evolution of coherence. However, we remark that the maximally coherent state appearing in the above proposition is initial state dependent. The phenomenon of coherence sudden death in these cases is independent of the initial state of quantum system and is essentially endowed to the channel. It is important to note that if a channel Φ is coherence breaking which from Theorem 3 means that C l1 (Φ(|ψ ψ|)) = 0, it necessarily implies coherence sudden death and vice-versa for any initial state.
For a stroboscopic Markovian process represented by Φ J , i.e., by J iterations of the channel Φ, Eq. (13) becomes T . Also, take J = 10 in the stroboscopic Markovian processs of both the examples 3 and 4. In example 3, take α = 0.5.
as function of J and shows the coherence sudden death at the second iteration of the channel. In example 4, take p = 0.7 and t = 1. Here C l 1 (D The above equation can be reinterpreted as follows. If coherence breaking index of a channel Φ is n(Φ), then after n(Φ) iterations of the channel Φ, the channel Φ becomes a coherence breaking channel. This implies that for a channel Φ with coherence breaking index n(Φ), in the corresponding stroboscopic Markovian process with J iterations of the channel Φ, the evolution will lead to the coherence sudden death if n(Φ) < J. Next, we present a few examples of incoherent evolutions that can lead to the coherence sudden death. T . Here α (|α| ≤ 1) is a real number. We obtained earlier that the channel Φ has coherence breaking index n(Φ) = 2. Thus, the above stroboscopic Markovian process leads to the coherence sudden death for any input state (see also Fig. 2) . Example 4. Consider a stroboscopic Markovian process given by D J p,t , where D p,t is a generalized amplitude damping qubit channel (see Sec. V). The coherence breaking index of the generalized amplitude damping n(D p,t ) is not finite, therefore, such a stroboscopic Markovian process will never lead to coherence sudden death (see also Fig. 2) . Typicality of evolution of coherence for higher dimensional systems.-It is known that pure quantum states in higher di-mensional Hilbert spaces show concentration of measure phenomenon for various physical properties (for example, see Refs. [37, 39, 41, [63] [64] [65] [66] [67] [68] [69] ). Similarly, here we aim at finding the typical properties of the evolution of coherence under incoherent quantum channels. Consider a quantum system in a state ρ(0) = |ψ ψ| evolving under an incoherent quantum channel Λ t such that ρ(t) = Λ t [ρ(0)]. Specifically, we want to describe the dynamics of pure states |ψ chosen uniformly at random from the Haar measure under some quantum channel Λ t and wish to establish the typicality of the evolution. For this we will resort on the concentration of measure phenomenon encapsulated in Lévy's lemma applicable to Lipschitz continuous functions (see appendix B). Now, consider two pure states |ψ and |φ evolving under Λ t . Then, for any Lipschitz continuous measure C of coherence with Lipschitz constant η C , we have
where || · || 1 is the trace norm and || · || is the Euclidean norm (see appendix B). The first inequality follows from the definition of the Lipschitz continuous function over the space of density matrices. The second inequality follows from the monotonicity of the trace norm under quantum channels [70] (see also appendix B). The third inequality follows from the relation between the trace distance and the Euclidean distance [69] . If the distance between the states |ψ and |φ is small then the coherences of the final states are also close to each other. Now, based on Lévy's lemma we have following result.
Theorem 9. Let |ψ be a random pure state on a d dimensional Hilbert space. Then, for any ≥ 0, we have
where 2η C η Λt is the Lipschitz constant for the function F :
As an example, the Lipschitz constant for the scaled l 1 norm of coherence, i.e., C l1 /C max l1 over the space of the density matrices is given by d (d−1) (see appendix C). Therefore, the scaled l 1 norm of coherence of the evolved state starting from a generic state almost always concentrates around the average value given by
In particular, we have the following corollary.
Corollary 10. Let |ψ be a random pure state on a d dimensional Hilbert space. Then, for any ≥ 0, we have
VII. SUMMARY AND OUTLOOK
In this work, we have investigated quantum channels which output only incoherent states for any input states. We call such channels as coherence breaking channels. First we define two kinds of coherence breaking channels, namely, coherence breaking and selective coherence breaking channels, and obtain the full characterization of these two types of quantum channels. Then we prove that they are, in fact, equivalent. Further, we consider stroboscopic Markovian processes in which the action of noise is characterized by the iterative applications of an elementary CPTP map. In these situations, we define coherence breaking indices of incoherent quantum channels which can be considered as a relative figure of merit in deciding the detrimental capabilities of a quantum channel in the context of quantum coherence. We then define the notion of coherence sudden death under quantum channels which describes abrupt vanishing of coherence under an incoherent channel in time. Based on the recently obtained factorization relations for the l 1 norm of coherence, we link the coherence breaking channels and coherence breaking indices with the coherence sudden death and present various examples to delineate this. Finally, for systems with higher dimensional Hilbert spaces, based on Lévy's lemma, we show the typicality of the dynamics of coherence for random pure states. This is a very useful result in depicting the behaviour of a quantum channel acting on a quantum system with higher dimensional Hilbert space together with the reduction of the computational complexity of coherence evolution. We exemplify this phenomenon by considering the scaled l 1 norm of coherence for random pure states and provide explicit bounds on the typical coherence of the evolved states.
The results in this work present a systematic and exhaustive characterization of the detrimental effects of various noisy scenarios and therefore, are of great practical value. Moreover, the results on the typicality of the dynamics of the coherence provide a tractable estimation of the dynamics of coherence in otherwise computationally hard scenarios of the systems with higher dimensional Hilbert spaces. However, more work is possible in this context. For example, in our work we left open the calculation of the average coherence for various relevant noise scenarios such as the random incoherent unitary evolution considering the scaled l 1 norm of coherence as a measure of coherence. It will be interesting for future works to explicitly obtain results in this direction. Also, it will be useful to obtain simplified factorization relations in the context of evolution of coherence, say for pure qudit states, in future. 
Thus, there exists a maximally coherent state |ψ = |α j |e iaj |j ;
As |α is a nozero state, then there exist a |α k | > 0, where
Then, by the continuity, there exists ε, such that d1 j=0 |α j |e i(θj +εδ j,k −aj ) = 0;
That is, |ψ :=
j=0 e i(θj +εδ j,k ) |j is a maximally coherent state with α|ψ = 0 and β|ψ = 0. This completes the proof of the lemma.
then X = 0.
Proof. Let |θ = (e −iθ1 , e −iθ2 , . . . , e −iθn ) T where T denotes transpose, then the condition (A1) is equivalent to θ| X |θ = 0 for any |θ . implies b ii = 0 and c ii = 0 for any i = 1, . . . , n. Now θ| X |θ = θ| B |θ + i θ| C |θ = 0 means θ| B |θ = θ| C |θ = 0, as θ| B |θ and θ| C |θ are both real. The (i,j) entries of B can be written as b ij = |b ij |e iβij . Since B is hermitian, |b ij | = |b ji | and β ij = −β ji . We have
. To solve (A2), we take special set { θ i } n i=1 as following. For any fixed i and j with i < j, first let all θ k = 0, then (A2) becomes . Similarly, we can get λ ij = 0 via choosing a special set { θ i } n i=1 . Therefore, |b ij | 2 = η 2 ij + λ 2 ij = 0 for any i < j which means that B = 0. Using the same method, it is easy to obtain C = 0. Now, since X = B + iC, we have X = 0. This completes the proof of the lemma. [71] [72] [73] [74] [75] . Thus, any random pure state |ψ can be generated by applying a random unitary matrix U ∈ U(d) on a fixed pure state |ψ 0 , i.e., |ψ = U |ψ 0 . Now for any function F of pure state, we have
Concentration of measure phenomenon:
The observation that an overwhelming majority of vectors of a vector space take a fixed value for many functions defined over the vector space as the dimension of the vector space goes to infinity, is referred to as the concentration of measure phenomenon. In particular, Lévy's lemma is the rigorous statement about the concentration of measure phenomenon [76] for Lipschitz continuous functions on the sphere. We will state Lévy's lemma shortly but before that we define Lipschitz continuous functions. Consider two metric spaces (V 1 , d 1 ) and (V 2 , d 2 ) and a function F : V 1 → V 2 . If there exists a real number η F such that d 2 (F (u), F (v)) ≤ η F d 1 (u, v) for all u, v ∈ V 1 , then F is called a Lipschitz continuous function on V 1 with the Lipschitz constant η F [77] . Lévy's lemma (see [76] and [63] ).-Let F : S k → R be a Lipschitz continuous function with Lipschitz constant η F . Here S k is the k-sphere and R is the real line. Let us consider a random vector u ∈ S k . Then for any > 0,
where E u F (u) is the expected value of F (u) over random vectors u ∈ S k .
Trace distance.-The trace distance between two quantum states ρ and σ is defined as [78] ||ρ − σ|| 1 := Tr (ρ − σ) 2 .
The trace distance satisfies the monotonicity property under the influence of a quantum channel Λ t [70] . More precisely,
where η Λt ≤ 1.
where the first inequality follows from the triangle inequality of norm · l1 , the second inequality comes from the fact that A l1 = ij |A ij | ≤ d 2 ij |A ij | 2 = d A 2 and the third inequality follows from A 2 ≤ A 1 [79] . Note that the norm · 2 is defined as A 2 = √ TrA † A. Thus, Lipschitz constant for the scaled l 1 norm of coherence, i.e.,
